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Strength of ground ceramics may be affected by residual stress as well as surface flaws induced by grinding.
Strength prediction for ground ceramics is convenient for mechanical design of ceramic components. In this
article, a numerical procedure based on fracture mechanics was proposed to estimate strength distribution
of ground ceramics by considering grinding-induced residual stress. Bending strength and residual stress of
ground ceramics were measured for three grinding-conditions. By comparison of simulated results with
experimental ones, it was revealed that strength characteristics in experiments were well simulated by using
the proposed procedure.
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1. Introduction

Ceramics as sintered materials inevitably include flaws
generated in their processing. Pores among grains are formed
in binding ceramic powders, and sometimes impure substances
are included in mixing powders and additives at the first stage of
powder processing. Since most of the ceramic materials shrink
after sintering, ceramic parts in functional or structural systems
are usually machined to get a specified accuracy of dimension
after sintering. Therefore, dangerous flaws in ceramics are also
generated during grinding process in addition to sintering
process. Considering mechanical design of ceramic parts,
preliminary knowledge to achieve the optimization of ceramic
strength is efficient in determination of grinding condition. In this
situation, some analytical procedures for estimation of ceramics
strength are convenient for getting useful information on effects
of grinding-induced flaws on ceramic strength. Such analytical
procedures should be established on the basis of statistical
distributions of flaws, which are generated according to process-
ing conditions in sintering and grinding ceramic materials. It is
also noted that residual stress as well as surface flaws are induced
by grinding, and they affect strength properties of ceramics (Ref
1-7). The grinding-induced residual stress should be also
incorporated in establishing such an analytical procedure.

In this work, a numerical procedure in framework of fracture
mechanics was proposed to estimate strength of ground ceramics
by taking account of grinding-induced residual stress in addition
to flaw distributions. Three-point bending tests were also
conducted using silicon nitride ground under several conditions,

and the residual stress on ground surface of specimen was
evaluated by using an indentation-fracture (IF) method. The
applicability of the proposed procedure was discussed by
comparing simulated results with experimental ones.

2. Material and Experimental Procedures

2.1 Material

A material to be investigated in this work is a pressureless
sintered silicon nitride produced by TOTO Ltd. Physical
properties of the material are summarized in Table 1.

2.2 Specimen Preparations

Geometry of the specimen after machining is of a square-rod
type with a dimension of 4 mm· 3 mm· 36 mm, which is
specified for the standard bending specimen in JIS R 1607 (Ref 8).

Specimens were ground in their longitudinal directions by
using grinding wheel of three distinct grit sizes, i.e., #170,
#270, and #600. All specimens had been machined using #400
grit wheels before the final grinding as stated above. Using
digits of the grit size of grinding wheel, materials ground under
the aforementioned conditions are respectively designated
SN-170, SN-270, and SN-600. Table 2 summarizes the grind-
ing conditions in this work.

After final grinding, values of centerline average roughness are
0.21 lm for SN-170, 0.20 lm for SN-270, and 0.10 lm for
SN-600 in the direction parallel to grinding direction, and 0.88 lm
for SN-170, 0.45 lm for SN-270, and 0.17 lm for SN-600 in the
direction perpendicular to grinding direction. As a natural result,
the roughness in each direction is rougher under coarse grinding-
condition in which a wheel of larger grit size is used.

2.3 Bending Test

All bending tests were conducted under three-point bending
with a span length of 20 mm, in an ambient atmosphere of
292 ± 2 K and 50 ± 10% in relative humidity. A total of 25
specimens were prepared for each grinding condition. Loading
rate was controlled so that the rate of the maximum tensile
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stress in a specimen might be about 100 MPa/s. The bending
strength of a specimen was evaluated as the maximum stress
monitored at its fracture.

2.4 Measurement of Residual Stress by IF Method

As for measurement of residual stress, the X-ray deflection
method has successfully been applied in various materials,
though alternative simpler methods to estimate residual stress
are also required by considering practical and economical
needs. For ceramics, especially, a possible candidate for the
residual stress estimation is a procedure using IF method (Ref
5, 9-12). A standard based on IF method has been established
by the Society of Materials Science, Japan (JSMS). In this
work, the JSMS standard (Ref 13), i.e., JSMS-SD-4-01, was
adopted to evaluate grinding-induced residual stress. The
formula to estimate the residual stress rRO on a ground
specimen surface is expressed as follows.

rRO ¼
KICðp aÞ�1=2 � 0:026ðE P=pÞ1=2ðd=2Þ a�2

1:4
ðEq 1Þ

In the above equation, material constants KIC and E are
respectively the fracture toughness and Young�s modulus.
Parameters P, d, and a measured in an indentation test are
respectively an indentation force, diagonal length of indent
and half-crack length on the specimen surface.

Indentation tests in this work were carried out by using a
conventional Vickers hardness tester.

3. Experimental Results

3.1 Bending Strength

Figure 1 presents distributions of strength rf, which are
plotted in a Weibull probability paper. The curved lines in
Fig. 1 represent the cumulative probability functions F(rf),
which are fitted to three-parameter Weibull distribution function
expressed as

F ðrf Þ ¼ 1� exp � rf � rL

rS

� �m� �
ðEq 2Þ

In Eq 2, rL, rS, and m are respectively location parame-
ter, scale parameter and shape parameter. As expected

from the form of Eq 2, each fitted curve in Fig. 1 shows
the minimum given by the location parameter rL, which
is calculated as 797 MPa for SN-170 (indicated with the
solid curve in Fig. 1), 779 MPa for SN-270 (the dashed
curve in Fig. 1) and 544 MPa for SN-600 (the dotted
curve in Fig. 1). As seen in Fig. 1, the strength distribu-
tion shifts toward higher strength region for processing
by using a grinding wheel of smaller grid number.
This implies that rougher grinding results in strength
augmentation.

The statistics of bending strength rf is summarized in
Table 3. Parameters m and rS in Table 3 are the shape and
scale parameters which are obtained by approximating strength-
distribution by two-parameter Weibull distribution function as
follows.

F ðrf Þ ¼ 1� exp � rf

rS

� �m� �
ðEq 3Þ

As seen in Table 3, in the case using rougher wheel in grind-
ing, it appears that the coefficient of variation decreases and
the shape parameter increases as a whole trend. This
implies that a relative scatter of strength decreases for rougher
grinding.

However, it should be noted that the trend mentioned above
might be restricted to the case of a combination of material and
grinding conditions selected in the present work.

Table 1 Physical properties of silicon nitride used in
experiment

Density
Fracture

toughness, KIC

Vickers
hardness

Young�s
modulus, E

Mean
grain size

3.23 Mg/m3 5.7 MPa m1/2 1490 HV50 310 GPa 1.6 lm

Table 2 Grinding conditions

Specimen ID Grinding wheel
Wheel
speed

Table
speed

SN-170 SDC170N75BC3.0
(/200 ·B15)

25 m/s 0.067 m/s

SN-270 SDC270R100SX6-3.0
(/200 ·B25)

SN-600 SDC600N90BC3-3.0
(/200 ·B20)

Fig. 1 Weibull plots of strength distributions for three grinding-
conditions in experiments

Table 3 Statistics of strength in silicon nitride depending
on grinding condition

Specimen ID SN-170 SN-270 SN-600

Mean strength 961 MPa 929 MPa 911 MPa
Standard deviation 37.5 MPa 58.1 MPa 50.9 MPa
Coefficient of variation 0.0390 0.0625 0.0559
Shape parameter m 30.9 19.5 21.3
Scale parameter rS 977 MPa 954 MPa 933 MPa
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3.2 Grinding-Induced Residual Stress

The residual stress rRO on the surface of a ground specimen
was measured by JSMS standard using IF method as mentioned
above. Vickers indentation tests were carried out by holding
35 s at the maximum indentation force of 490 kN. Measured
residual stresses are listed in Table 4. As seen in Table 4, the
absolute value of compressive residual stress increases for
grinding with wheel of smaller grit number, i.e., rougher
grinding.

4. Numerical Simulation of Strength Affected
by Grinding Condition

4.1 Basic Model

Inherent flaws generated during a sintering process and
grinding-induced flaws are distributed in a specimen. In the
simulation, such flaws are modeled as circular, semi-elliptic or
quarter-elliptic cracks. Cracks in a specimen are randomly
located only within the region, which is subjected to tensile
stress in the specimen. It is assumed that the failure of each
specimen is dominated by the crack with the maximum stress
intensity factor Kmax among all cracks distributed in the
specimen. The fracture stress of one specimen will be
determined as the applied maximum stress, at which a
calculated value of Kmax is just equal to the fracture toughness
KIC of a material under consideration. Such a calculation is
repeated to reach a specified number of specimens. Figure 2
shows the flow chart of the present simulation.

In determining positions of individual cracks, a Cartesian
x-y-z coordinate is introduced within the tensile region of a
specimen. In this coordinate, x- and y-axes are respectively
parallel and vertical to the longitudinal direction of the
specimen and z-axis is the transverse direction (width direction)
of a specimen (see Fig. 3). By considering no stress gradient in
the width direction (z-axis) of specimen under bending mode,
positions of cracks existing in an arbitrary cross section are
projected in z direction and onto x-y plane. Therefore, in the
simulation, the position (x, y) of a crack is prescribed on the x-y
plane. For example, the position of i-th crack in a specimen is
described as (xi, yi) on the x-y plane as shown in Fig. 3. Crack
positions are randomly set by using a series of quasi-uniform
random numbers generated by a computer. According to crack
position, cracks are classified into three types, i.e., embedded,
surface, and corner cracks, which are respectively illustrated in
Fig. 4. The depth h of the center of an original circular crack is
the distance from the specimen surface. The length a and c are
radius of an original circular crack and the depth of a modeled
crack, respectively.

The size a of each crack is given independently of its
location by using a different series of quasi-uniform random
numbers. The size distributions for inherent flaw generated
during a sintering process and for grinding-induced flaw are
respectively expressed by using two distinct functions F(a) of
cumulative probability as follows.

F ðaIÞ ¼ 1� exp � aI � aLI

aSI

� �aI
� �

ðEq 4Þ

F ðaGÞ ¼ 1� exp � aG � aLG
aSG

� �aG
� �

ðEq 5Þ

The above equations are of Weibull type with three parame-
ters, i.e., location parameters aLI and aLG, scale parameters
aSI and aSG, and shape parameters aI and aG. The subscripts
‘‘I’’ and ‘‘G’’ imply crack-size parameters concerned with
inherent and grinding-induced cracks respectively.

In this work, the largest size of crack is restricted by
considering actual situation that extremely large flaw cannot be
observed in dense ceramic materials. The largest size amax,I for
inherent cracks is empirically determined as 15 lm based on
flaw observations (Ref 14, 17) by a scanning electron
microscope. Since surface damage by grinding is much larger
than flaws generated during the prior processing and it is
difficult to identify actual grinding-damage, the largest size
amax,G for grinding-induced cracks is tentatively set to be twice
as large as that for inherent ones, i.e., 30 lm. Since the size of

Table 4 Surface residual stress estimated by IF method

Specimen ID SN-170 SN-270 SN-600

Surface residual stress, rRO -80 MPa -59 MPa -41 MPa

Fig. 2 Flow chart of simulation

Fig. 3 Cartesian coordinate in specimen subjected to bending
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30 lm is so large that the cumulative probability for the
appearance of cracks with a size up to 30 lm is 0.999997, there
is no substantial meaning for setting the same maximum size
irrespective of grinding condition. The crack density depending
on grinding condition, if anything, has essential effect on
strength in the sense that larger cracks can exist for higher crack
density.

It is also presumed that distribution characteristics of
inherent crack are common to all specimens. On the other
hand, different distributions are assumed for grinding-induced
cracks in specimens ground under the respective conditions.

4.2 Fracture Criterion

The simplest fracture criterion of a brittle material is that
fracture occurs from a flaw when the stress intensity factor K
reaches the fracture toughness KIC of the material. However, it
has been reported (Ref 14-17) that such a fracture criterion
cannot be directly applied to the strength evaluation of
ceramics for the fracture originating from a small flaw; i.e.,
fracture initiated from a smaller flaw occurs at a lower
strength compared with the expected relation between strength
rf and flaw-size a for a larger crack. In the present simulation
dealing with small flaws, the flaw-size dependency of strength
as described above should be taken into account in the
evaluation of stress intensity factor K for a small flaw so that
the evaluated K value can be applied to a fracture simulation
based on the fracture toughness criterion. An R-curve model
(Ref 18, 19), which expresses grain-bridging effect for longer
crack, has been suggested as one of the models to explain
such a flaw-size dependency. It has been proposed that a
constant d is added to the original size of the flaw in
calculating K value as a simple procedure (Ref 20) to
represent such an R-curve behavior. In the present simulation,
the approximation is applied to the evaluation of a valid K
value for a small flaw as follows.

K ¼ ra

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pðaþ dÞ

p
MK ðEq 6Þ

In the above equation, ra is the applied stress, which is deter-
mined by loading mode and specimen geometry, and MK is a
magnification factor determined by considering the shape and
location of the crack as well as the stress distribution in a
specimen. The value of MK is determined using published
numerical results (Ref 21-23) according to the aforementioned
situations of crack.

4.3 Incorporating Effect of Residual Stress into Model

The effect of the grinding-induced residual stress is dealt
with by superimposing the residual stress on the applied stress
in evaluating the stress intensity factor: i.e., the net stress to be
replaced with the applied stress ra in Eq 6 is given by the
summation of the applied stress ra and the residual stress rR.
The net stress intensity factor Knet including the residual stress
is expressed as

Knet ¼ ðra þ rRÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pðaþ dÞ

p
MK ðEq 7Þ

In bending mode, ra has a gradient in the longitudinal (x)
and thickness (y) directions.

A grinding-induced residual stress rR is generally known to
be compressive. In experimental studies (Ref 4-6, 24), it is also
reported that the compressive residual stress rR has its peak
rRO on or near the ground surface of a specimen and vanishes
toward the specimen-depth direction, i.e., the y direction.
Such a non-uniform distribution of residual stress in the
depth direction should be taken into account in calculating Eq
7. Consider a crack system subjected to a residual stress rR

given by

rR ¼ rROf ðyÞ ðEq 8Þ

In the above equation, f(y) is a function of depth y that speci-
fies a residual stress distribution. Empirical observations (Ref
12, 13) show that the function f(y) is well approximated by
the next equation.

f ðyÞ � gðfÞ ¼ ð1� f3:0Þ expð�3:8109f2:4586Þ ðEq 9Þ

In the above equation, f = y/y0, and y0 is the depth at which
the compressive residual stress disappears.

4.4 Parameters and Procedure in Simulation

Prior to the actual simulation, preliminary simulations have
been carried out for the situation without residual stress. In the
preliminary simulations, the combination of parameters to
specify the flaw distribution, which are associated with size
distribution and density of cracks, are variously changed. As a
result by trial and error, parameters have been determined so
that the resultant mean strength should be a bit less than the
average strength measured for specimens ground by using #600
grinding wheel, which has the lowest residual stress. The
density of inherent cracks is defined as the number of cracks per
unit volume, while the density of cracks induced by grinding is
given as the number of cracks per unit surface area because of
the damage which is concentrated on or near the ground
surface. It is reasonable to consider that rougher grinding
results in larger damage. Therefore, density of grinding-induced
crack is increased for rougher grinding, i.e., grinding with a
wheel of smaller grit number. The number of surface cracks is
given by the crack density and relative crack positions to the
specimen surface, though corner cracks and surface cracks are
not classified in the analysis. In this simulation, the ratio of
corner cracks to total surface ones is empirically determined,
and corner cracks are also considered in fracture analysis.
Parameters for crack distributions used in the following
simulation are listed in Tables 5 and 6.

The depth y0 is experimentally determined by lapping the
ground surface of specimen, and the residual stress is found to
disappear by 20 lm lapping. Consequently, in the simulation,

Fig. 4 Schematic illustration of crack patterns
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y0 = 20 lm is adopted for the residual stress distribution of
Eq 8 and 9.

In the present simulation, a simple procedure to express the
R-curve behavior is adopted in evaluating K value to be valid
for a small flaw, and the additional length d is set to be 6 lm
which is found to be appropriate in fitting experimental
relations of strength versus flaw-size in the present material
(Ref 16).

A Monte Carlo simulation will be carried out for the same
shape of specimen under the same loading mode as those
adopted in the experiment. In the present simulation, the loop
calculation shown in Fig. 2 is iterated 100 times for each
grinding condition. Actually, 100 trials are made by creating
100 different combinations of spatial and size distributions of
cracks by using random numbers. Consequently, the simulation
for each grinding condition gives 100 strength data.

5. Simulated Results and Discussions

A total of 100 strength data simulated for each grinding
condition using distinct wheel grit number are plotted in a

Weibull probability paper, and the result is shown in Fig. 5. The
straight lines in Fig. 5 are strength-distribution relations
approximated by two-parameter Weibull distribution functions.
Parameters m and rS are respectively obtained by fitting Eq 3
to simulated strength data for each case. In Table 7, the two
parameters in the fitted Weibull distribution functions are listed
together with other statistical parameters of strength.

Figure 5 shows that there is no good fitness of simulated
strength data to two-parameter Weibull distribution function.
The data plotted under about 880 MPa, in particular, are shifted
toward a region of lower strength compared with the relation
for other data. In the present simulation, the main crack, which
brings about fracture of individual specimen, can be identified
by programing. The morphology of crack identified as the main
crack can also be found to be inherent or grinding-induced
crack, and to be embedded, surface or corner crack. By
investigating the relation between crack morphology and
strength, it is revealed that strength lower than 880 MPa is
dominated by grinding-induced cracks. It should be noted that
failure probability in a region of strength lower than 880 MPa
is obviously higher than the relation expected in higher strength
region. This is considered to be caused by the reduction in
restraint by compressive residual stress. Therefore, it is
speculated that such grinding-induced cracks in a region of
strength lower than 880 MPa are hardly affected by grinding-
induced residual stress.

As seen in Table 7, the mean strength is reduced as the
wheel grit number becomes larger. In the simulation, as
mentioned previously, the density of grinding-induced crack is
increased for the case of grinding with smaller wheel grit
number, i.e., rougher machining. On the other hand, the
absolute value of compressive residual stress is larger in
rougher machining as shown in Table 4. Consequently, as
for the present combination of material and grinding condition,
the improvement effect by inhibition of cracking under

Table 5 Parameters for distribution of inherent crack used in simulation

Density, 1/mm3
Shape

parameter, aI
Location

parameter aLI, lm
Scale

parameter aSI, lm
Maximum

crack length amax,I, lm

Ratio of
corner cracks to total
surface cracks, %

16 10 5.0 8.1 15.0 1.0

Table 6 Parameters for distribution of grinding-induced crack used in simulation

Wheel grit
number

Density,
1/mm2

Shape
parameter, aG

Location
parameter aLG, lm

Scale
parameter aSG, lm

Maximum crack
length amax,G, lm

Ratio of corner
cracks to total surface cracks, %

#170 0.32 15 7.0 19.4 30.0 1.0
#270 0.31
#600 0.30

Fig. 5 Weibull plots of simulated strength distributions for three
grinding-conditions

Table 7 Statistics of simulated strength

Wheel grid number #170 #270 #600

Mean strength 950 MPa 931 MPa 919 MPa
Standard deviation 49.8 MPa 41.0 MPa 42.2 MPa
Coefficient of variation 0.0524 0.0440 0.0459
Shape Parameter, m 24.1 28.4 27.6
Scale parameter, rS 971 MPa 949 MPa 937 MPa
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compressive residual stress on strength is more superior to the
degradation effect caused by the increase in density of
grinding-induced crack.

6. Summary

For prediction of strength of ground ceramics, some
analytical procedures are useful in mechanical design of
machines or devices using ground ceramic components.
Although fracture of ceramic components is generally domi-
nated by inherent flaws, it is noted that, especially in ground
ceramics, residual stresses as well as surface flaws are
additionally induced by grinding. The grinding-induced resid-
ual stress should be also incorporated in establishing analytical
procedure. In this work, a numerical procedure in framework of
fracture mechanics was proposed to estimate strength of
ground ceramics by taking account of grinding-induced
residual stress in addition to flaw distributions. To clarify the
applicability of the proposed procedure, three-point bending
tests were conducted using three kinds of silicon nitride
specimens, which were differently prepared by grinding with
wheels of three grit-sizes. Grinding-induced residual stress was
measured by using an IF method. The bending strength and the
absolute value of compressive residual stress were found to
increase in grinding with coarser wheel. By comparing
simulated results with experimental ones, it was revealed that
the increase in strength of ceramics ground with coarser wheel
could be well explained by the simulation based on the
proposed model. The simulated results suggested that the
bending strength was improved by inhibition of cracking under
compressive residual stress.
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